Abstract It is shown that any torsion unit of the integral group ring ZG of a finite group G is rationally conjugate to an element of ±G if G = XA with A a cyclic normal subgroup of G and X an abelian group (thus confirming a conjecture of Zassenhaus for this particular class of groups, which comprises the class of metacyclic groups).
Introduction
There is a long-standing conjecture of Zassenhaus that runs as follows.
(ZC1) For a finite group G, every torsion unit in ZG is conjugate to an element of ±G in the units of QG.
For known results on the Zassenhaus conjecture (ZC1) the reader is referred to [16, Chapter 5] , [17] , [18, § 8] and [4, 7, 8] .
Certainly the outstanding result in the field is Weiss's proof [20, 21] that the conjecture is true for nilpotent groups G. The conjecture has also been verified for some split extensions G = X A under coprimeness conditions on X and A, with G the metabelian and not too far from being metacyclic: Polcino et al . [15] proved (ZC1) in the case when X and A are cyclic of relatively prime order 20 years ago, but since then no substantial progress has been made beyond this. The main result of this paper is the following theorem.
Theorem 1.1. Suppose that G = XA with A G, X G, and with A cyclic and X abelian. Then (ZC1) holds for G.
The proof essentially consists of two parts. In a first step, it is shown that torsion units in 1 + I(ZA)G are rationally conjugate to elements of A. (Our notation will be explained in § 2.) The second step consists of showing that, for a torsion unit u not lying in 1 + I(ZA)G, all partial augmentations ε a (u), a ∈ A, vanish. Thereby, induction on the order of G and the result from step one is used (see Theorem 7.3 and Corollary 7.5). The main reason for assuming that A is covered by an abelian subgroup X, rather than assuming that G/A is abelian, is that these results, once established, are easily shown to hold with A replaced by C G (A). Then an elementary observation, which we learnt from [4] (see § 6), completes the proof.
To establish the first step, we show more precisely that a torsion unit in 1+I(Z O p (A))G is p-adically conjugate to an element of A (see Theorem 5.1 and Claim 5.2). Therefore, we show that, p-adically, such a unit has the most simple description one can think of (see Corollary 4.7), which again relies on Weiss's permutation module result [20] as explained in § 3. Then Lemma 2.2, below, allows us to use a result in [2] to establish the general result (see Corollary 5.3) .
Finally, in § 8 we present two results on (ZC1) for direct products of groups which are somehow related to the present work.
Note that [16] may serve as a general reference for any aspects of units in integral group rings. For unexplained concepts of representation theory, we refer the reader to [3] . We believe that the present work can be regarded as 'applied representation theory'.
Review of some known facts
Throughout this paper, G always denotes a finite group and R will be an integral domain of characteristic zero, with quotient field K. For global aspects of torsion units in group rings, we think of R as the coefficient ring Z or a suitable semi-localization of it, but R may also be a p-adic ring, i.e. the integral closure of the p-adic integers Z p in a finite extension field of the p-adic field Q p .
Group-theoretical notation is mostly standard. We use the bar convention, set g h = h −1 gh and [g, h] = g −1 g h , let g G be the conjugacy class {g h | h ∈ G} of g in G, let '∼' denote conjugacy and let O p (G) and O p (G) denote the largest normal p-subgroup and p -subgroup of G, respectively.
Furthermore, we will adhere to the notation and definitions used in [7] . The most notable notational conventions followed are as follows.
(i) ε : RG → R denotes the augmentation homomorphism.
(ii) I(RG) = {m ∈ RG | ε(m) = 0} denotes the augmentation ideal of RG. Thus, for N G, I(RN )G is the kernel of the natural homomorphism RG → RG/N .
(iii) V(RG) denotes the group of augmentation 1 units in RG; the group of units itself is denoted by (RG) × .
(iv) ε g (u) denotes the partial augmentation of an element u of RG with respect to the conjugacy class of g in G.
(v) 1 (RG) α , for a homomorphism α from a finite group H into V(RG), denotes the right R(G × H)-module which is RG as an R-module, and the group action given by m · (g, h) = g −1 m(hα) for all g ∈ G, h ∈ H and m ∈ RG.
The 'bimodules' 1 (RG) α are the tools used to translate questions about conjugacy into the language of module theory: homomorphisms α, β :
it is easy to see that α and β are R-equivalent if and only if 1 
Partial augmentations also make their contribution. A torsion unit u in V(RG), with no prime divisor on the order of u being invertible in R, is conjugate to an element of G in the units of KG if and only if, for every power of u, all of its partial augmentations but one vanish (see [13, Theorem 2.5] , [16, (41.5) ] and [7, Lemma 2.5] ). Note that, for R = Z, this is equivalent to saying that all partial augmentations are non-negative.
A connection between both concepts constitutes [21, Lemma 1] , also recorded in [16, (38.12) ], and is as follows.
Lemma 2.1. For a group homomorphism
The interpretation of partial augmentations as rational multiples of character values of bimodules makes it possible to apply Green's theorem on zeros of characters to obtain (see [7, proof of Theorem 5.6]) the following lemma.
Lemma 2.2. Let u be a torsion unit in V(RG)
, where R is a p-adic ring. Suppose that the p-part of u is conjugate to an element x of G in the units of RG. Then ε g (u) = 0 for every g ∈ G whose p-part is not conjugate to x.
Proof . We can assume that the p-part of u is the group element x. Set M = 1 (RG) ι , where ι : u → V(RG) denotes inclusion, and let χ be the character of KM . The restriction of M to G× x is induced from the trivial module R for the diagonal subgroup (x, x) . Thus, χ((g, u)) = 0 for any g ∈ G whose p-part is not conjugate to x (see [3, (19.27 )]). Equivalently, ε g (u) = 0 for such g, by Lemma 2.1.
This shows that even if one is only interested in rational conjugacy, i.e. in conjugacy which takes place in (KG) × , one may seek p-adic conjugacy. The proof of Corollary 5.3 with the help of Theorem 5.1, below, provides a good example of this philosophy; another example is given in [7, Theorem 1.2] .
We add some further remarks on partial augmentations of torsion units. The first is pretty elementary but obviously very useful in inductive approaches to the Zassenhaus conjecture (cf. Lemma 6.1 below). Remark 2.3. Let u be a torsion unit in V(RG), let N G and setḠ = G/N . We shall extend the bar convention when writingū for the image of u under the natural map RG → RḠ. Since any conjugacy class of G maps onto a conjugacy class ofḠ, for any x ∈ G, we have
The next remark shows that, for non-vanishing partial augmentations, there is a nice divisibility property between element orders. Remark 2.4. Let u be a torsion unit in V(ZG). Then g ∈ G and ε g (u) = 0 implies that the order of g divides the order of u. Indeed, it is well known that prime divisors on the order of g then divide the order of u (see [13, Theorem 2.7] or [16, (38.11) ], as well as [7, Lemma 2.8] for an alternative proof). Furthermore, it was observed in [8, Lemma 5.6 ] that the orders of the p-parts of g cannot exceed those of u.
In some sense, there are linear relations between partial augmentations of a torsion unit u and multiplicities of eigenvalues of representing matrices of u which impose constraints on these values (see [12] ). Making use of them them is now understood as being the Luthar-Passi method. We shall use this method in the proof of Theorem 7.3 below.
Remark 2.5. Let u be a torsion unit in V(ZG). Suppose that u e = 1 for some natural number e (Zassenhaus [22] has shown that one can always choose e to be the exponent of G) and assume that K contains a primitive eth root of unity, θ. Let χ be the character afforded by a K-representation D of G, and write µ(ξ, u, χ) for the multiplicity of an eth root of unity, ξ, as an eigenvalue of the matrix D(u). Then (cf. [12] , [8 
When trying to show that u is rationally conjugate to a group element, one may hope that, by induction on the order of u, the values of the summands for d = 1 are 'known'. The summand for d = 1 can be written as ( 
, a linear combination of the ε g (u) with 'known' coefficients.
Application of Weiss's permutation module result
Let N be a normal p-subgroup of the group G, and suppose that a torsion unit u in V(RG) is given which maps to the identity under the natural map RG → RG/N . In order to apply Weiss's permutation module result, we assume that R is a p-adic ring (with quotient field K).
It is known that u is of p-power order (see [16, (7.5) ] and [7, § 4] ). Let c be a cyclic group with 'abstract' generator c of the same order as u. Define the homomorphism α : c → V(RG) by cα = u, and write
α is a trivial source module, by Weiss's theorem from [20] , [16, (50.1) ] (cf. [16, (41.12) ] and [7, § 4] ).
As a consequence, u is conjugate to an element x of N in the units of KG if u ∈ V(ZG) or, more generally, if u ∈ V(Z (G) G), where Z (G) = {s/t | s, t ∈ Z, (t, |G|) = 1} (see [16, (41.12) ] and [7, Proposition 4.2] ). We shall assume that this holds (but it is not required for the proof of the next lemma).
Define the homomorphism β : c → V(RG) by cβ = x and write 
Ui for subgroups U 1 , . . . , U n , and we have to show that U i N × c . The number n of summands equals the R-rank of the fixed-point module ( 
is clearly isomorphic to the direct sum of |G : N | copies of M β , the claim follows from the remark preceding the corollary.
The following corollary is a simple prototype for intended applications, and will be used in § 8 to give another proof that the Zassenhaus conjecture (ZC1) holds for nilpotent groups. Another application to p-adic conjugacy of torsion units will be given in Theorem 5.1 with the help of Lemma 4.6. Proof . Set G = H × N and R = Z p , and let u be a torsion unit of p-power order in V(ZG). Then u maps to 1 under the natural map ZG → ZG/N = ZH (see [16, (1.9) 
Indecomposable summands of some bimodules
We note some elementary facts about indecomposable summands of bimodules such as M α and M β from the last section.
Remark 4.1. For the moment, R may denote any commutative ring. Let U be a finite subgroup of V(RG). We write (RG)
U , the correspondence given by M i = RGe i . The summand M i is indecomposable if and only if e i is primitive in (RG) U . For an idempotent e in (RG) U , the isomorphism End RG (RGe) ∼ = eRGe (given by ϕ → eϕ) restricts to an isomorphism End R(G×U ) (RGe) ∼ = e(RG) U e. Suppose that RGe ∼ = RGf as R(G × U )-modules for some idempotents e and f in (RG) In all cases we are looking at, the Krull-Schmidt theorem is assumed to hold. We may have given U as an abstract group and wish to 'compare' different (injective) homomorphisms from U into V(RG) via the associated bimodules. Then similar remarks hold. We only note the following.
Remark 4.2. Let M
α and M β be as in § 3. Let e be an idempotent in (RG) u , let f be an idempotent in (RG)
x , and consider RGe and RGf as submodules of M α and M β , respectively. Then any isomorphism RGe ∼ = RGf is given by multiplication with a unit v of RG such that f = e v and fu
Primitive idempotent decompositions which take place in RL, for some normal subgroup L of G, may prove useful in analysing the bimodules. We note the following obvious instance. 
RLµ as RL-modules, and g The normal subgroups we are interested in are the centralizers of normal p-subgroups of G, as will become clear from the following discussion.
but this does not matter for the moment.) Let R be a commutative local ring whose residue class field has characteristic p. Set
N generated by all N -conjugacy class sums in G of length larger than 1. We have (RG) N e induces an isomorphism on the radical quotients, and e(RG) N e is local.
We explicitly record what we are interested in. Let N be a normal p-subgroup of G and let R be a p-adic ring.
Remark 4.5. Let e be a primitive idempotent in R C G (N ). Then e(RG)
N e is a local ring, and hence RGe is an indecomposable R(G × N )-module.
In combination with Claim 4.3 we obtain the following lemma. Lemma 4.6. Let ϕ : U → N be a group isomorphism and set α : 
Proof . This is immediate from the above discussion (see Corollary 3.2 and Lemma 4.6).
Even if N is not cyclic, the above facts may be useful for obtaining information about torsion units in 1 + I(ZN )G, since a statement corresponding to Remark 4.5 can be made for p-elements in N : if x ∈ O p (G) and e is a primitive idempotent in R C G (x), then e(RG)
x e is a local ring. This may be particularly promising for metabelian groups when C G (x) is likely to be a normal subgroup of G.
Torsion units in 1 + I(ZA)G
The aim of this section is to present the following consequence of Corollary 4.7. It will be applied to torsion units in 1 + I(ZA)G, for G and A as in Theorem 1.1. Proof . We have already noted in § 3 that u is conjugate to an element x of N in the units of QG. We can assume that N = x , and set
Let R be a p-adic ring such that its field of quotients K is sufficiently large for G. We will show that u and x are conjugate in the units of RG. Interpreting the units as bimodules and using a result due to Reiner and Zassenhaus [3, (30.25) ], it then follows that conjugacy already takes place in the units of
The group L acts on the centrally primitive idempotents of R O p (L) and, since L G, the group G acts on the orbits of this L-action. Let e be the sum of the centrally primitive We know that v is conjugate to x in ( KG) × , and have to show that conjugacy already takes place in ( RG) × . To this end, we will compare the eigenvalues of v and x with reference to a suitably chosen representation.
RG ∼ = Mat n (eRT e) is a well-known result due to Clifford (see [14, § 6, Lemma 1.7] or [6, Theorem 2.5]). The isomorphism can be chosen such that the elements x and v of RT (remember that T G) correspond to diagonal matrices: N |, and let t 1 , . . . , t r be representatives of the cosets of L in T (so r = |T : L|). For representatives s j , t k , let σ j , τ k ∈ Gal(Q(ξ)/Q) be defined by π(x sj ) = ξ σj and π(x t k ) = ξ τ k . Also, let γ ij ∈ Gal(Q(ξ)/Q) be defined by π(x gij ) = ξ γij . Now suppose that we are given g 1 , . . . , g m ∈ G and that the γ i ∈ Gal(Q(ξ)/Q) are defined by π(
However, if we examine the affording representations, we see more precisely that the ξ 
where the occurring roots of unity are the eigenvalues (including multiplicities) of the representing matricesD( x) andD(v). They agree for both matrices, since x and v are rationally conjugate, and so:
for every 1 j 0 n, there exist exactly m pairs (i, j) such that g ij s j ≡ s j0 mod T, which will be indicated by (i, j)
This is all the information we need, so we now turn to the bimodules. Let M α and M β be defined as in § 3, so we have a generator c of an 'abstract' cyclic group c of the same order as u, and M α and M β are the right R(G × c )-modules, which are simply RG with RG acting from the left and c acting by right multiplication with u and x, respectively.
We have to show that the direct summands M α and M β are isomorphic, and therefore we will change the action of c on M α by letting c act by multiplication with v (this does not change the isomorphism type). Note that 
Thus, it follows from (5.1) that
and
The proof is complete.
The assumption on C G (x) in Theorem 5.1 has been chosen so that it applies to the groups of our favourite class, as follows. 
Corollary 5.3. Suppose that G = XA with A G, X G and with A cyclic and X abelian. Then any torsion unit in 1 + I(Z C G (A))G is rationally conjugate to an element of G.
Proof . First, let u be a torsion unit in 1 + I(ZA)G. If u is a p-element, for some prime p, then u ∈ 1 + I(Z O p (A))G (see [16, (7. for all a ∈ A (note the well-known relation (7.1)). Thus, ε g (u) 0 for all g ∈ G, and since the same holds for all powers of u, it follows that u is rationally conjugate to an element of G (see [16, (41.5 
)]).
Now let u be a torsion unit in 1 + I(Z C G (A))G. SetḠ = G/A. Thenū =ḡ in ZḠ for some g ∈ C G (A) = A C X (A), sinceḠ is abelian andū maps to the identity in ZḠ/C G (A). We can assume that g ∈ C X (A) ⊆ Z(G), when g −1 u is a torsion unit in 1 + I(ZA)G. Thus, u is rationally conjugate to an element of G by the preceding result.
An inductive argument for metabelian groups
The following simple group-theoretical observation is taken from [4, Lemma 2] . It immediately yields information about partial augmentations of torsion units in integral group rings of metabelian groups if one takes an inductive approach (cf. Remark 2.3).
Lemma 6.1. Let A be an abelian normal subgroup of G, and suppose
g ∈ G satisfies [g, G] A. Then B = [g, A] G and Bg G = g G .
(That is, g G is the only conjugacy class of G which maps onto the conjugacy class of Bg in G/B.)
Proof . Since A is abelian, elementary commutator calculus shows that B G. Let a ∈ A and h ∈ G. Then
Since each element of B can be written as a product of elements of the form [g, a], a ∈ A, the statement of the lemma follows. 
Corollary 6.2. Suppose that G has an abelian normal subgroup A with abelian quotient G/A, and that the Zassenhaus conjecture (ZC1) holds for proper quotients of G. Let u be a torsion unit in V(ZG). Then the following hold.
(i) ε g (u) ∈ {0, 1} for all g ∈ G \ C G (A). (ii) Set G * = G/ C G (A) and suppose that u * = 1. Then there exists (up to conjugacy) a unique g 0 ∈ G \ C G (A) with ε g0 (u) = 1, and ε x (u) = 0 for all x ∈ G \ C G (A) with x ∈ g G 0 (obviously u * = g * 0 ).
Proof . (i) Let g ∈ G \ C G (A) and set B = [g, A]
. Then 1 = B G and (ZC1) holds forḠ = G/B. Therefore, all but one of the partial augmentations ofū vanish and since, by Lemma 6.1, g G is the unique conjugacy class of G which maps ontoḡḠ inḠ, it follows that ε g (u) = εḡ(ū) ∈ {0, 1}.
(ii) By a well-known result of Berman and Higman, u * has zero 1-coefficient (see [16, (1.4) ]), and since u * has augmentation 1, the claim follows from (i) and Remark 2.3.
(iii) We have εḡ 0 (ū) = g G :ḡ∼ḡ0 ε g (u), and since G/ C G (A) is abelian, the sum extends over certain classes g G with g ∈ g 0 C G (A), so εḡ 0 (ū) = ε g0 (u) = 1 by (ii). Since (ZC1) holds forḠ, the claim follows.
Remark 6.3. Let u be a torsion unit in V(ZG). Let N be a normal p-subgroup of G, setḠ = G/N and assume thatū ∼ḡ in (QḠ)
× for some g ∈ G. Then the p -parts of u and g have the same order. This holds since torsion units in the kernel of V(ZG) → V(ZḠ) have p-power order (see [16, (7.5 
)]).
The Zassenhaus conjecture (ZC1) holds for groups G which have a normal p-subgroup with abelian quotient (see [7, Theorem 1.2] ). Thus, in the situation of Corollary 6.2 (ii), the elements u and g 0 have the same order, by the remark just made. We are not aware of any obvious connection with the Whitcomb argument, which supplies a unique element g ∈ G with u ≡ g mod I(ZG) I(ZA) and which also has the same order as u (cf. [16, (30.5) , (37.14)]).
The following lemma is not used for the proof of Theorem 1.1, but we included it here since it is tempting to believe that it also holds for abelian A when it might be combined with the approach taken in the next section to yield further results. Proof . Under the assumption that u p is rationally conjugate to an element of G we must show that ε g p 0 [16, (7. 1)]) and, consequently,
Lemma 6.4. Suppose that G = XA with A G, X G and with A cyclic and X abelian, and that (ZC1) holds for proper quotients of G. Let u be a torsion unit in V(ZG)
We have to investigate the case when the sum that appears in equation (6.1) is nonempty, so assume that there exists an element g 1 in the normal subgroup C G (A) of G with g
= 1 and so g 2 ∈ Eg 1 . Thus, the sum in (6.1) extends over the conjugacy classes of elements of Eg 1 . SetḠ = G/E. By Corollary 6.2 (ii),ū ∼ḡ 0 in (QḠ) × , so
ε g (u) = εḡ 1 (ū) = 0, sinceḡ 1 andḡ 0 are not conjugate inḠ. Now it follows from (6.1) that ε g
(u p ) = 1 as desired. It remains to consider the case when C G (A) is a p -group. Then g 1 is the unique element of C G (A) with g
1 g 0 is of order p and acts fixed-point freely on the cyclic p -group A (this is the only place where we use the fact that A is cyclic). Write g 1 = ax with a ∈ A and x ∈ C X (A) ⊆ Z(G), and g −1 1 g 0 = by with b ∈ A and y ∈ X. Then y acts fixed-point freely on A, so a = 1 from
Let us continue to suppose that G = XA for A G, X G with A cyclic, X abelian, and let u be a torsion unit in V(ZG) which does not map to the identity in ZG/ C G (A). Also suppose that (ZC1) holds for proper quotients of G and that proper subgroups of u are rationally conjugate to subgroups of G. Let g 0 ∈ G be defined as in Corollary 6.2. So far we have shown that then u is rationally conjugate to an element of G if and only if χ(u) = χ(g 0 ) for every faithful irreducible character χ of G.
One might hope to prove the missing statement by some kind of 'inspection' since the irreducible C-representations are monomial. In fact, every simple CG-module on which A acts faithfully is induced from a one-dimensional module for the abelian subgroup C G (A) (see [3, (11.1)] ). Thus, it remains to show that χ(u) = 0 for the corresponding characters χ. Actually, this is equivalent to requiring that the partial augmentations of u with respect to elements of C G (A) vanish, as we will see next.
Induced characters and partial augmentations
The main result of this section is stated in Theorem 7.3. We begin with some general observations.
Let A be a normal subgroup of G, of index m, say. One obtains an embedding of RG into (RA) m , the ring of m × m matrices over RA, by considering RG as an (RA, RG)-bimodule, with RG = RA ⊗ RA RG. (Here R is any integral domain of characteristic zero.)
To write down such an embedding explicitly, let x 1 , . . . , x m be representatives of the cosets of A in G.
The choice of another 'RA-basis' would lead to a conjugate representation.)
The relevance of this embedding with respect to the Zassenhaus conjecture (ZC1) was demonstrated in [2, 13, 20] and [16, § 41] . We shall be concerned only with characters, for which we recall some known facts.
The embedding exists whether or not A is normal; one advantage of A being normal is that traces can easily be calculated: one has f ii (u) = ( a∈A u a a) x −1 i , so the trace of U modulo [KA, KA] can be expressed using the partial augmentations with respect to elements of A as follows (see [13, (2.8) ]):
where we have writtenĈ(a) for the class sum of a, i.e. for the sum of the elements of a G . Note that the averaged coefficients in the last sum need not lie in R. If one does not wish to have a congruence to an element of KA, one may choose, for each class a G , elements a k in A such that a G is the disjoint union of the A-conjugacy classes of the a k . Then
resulting in the following formula [16, (41.10) ]:
2)
The given embedding RG → (RA) m may be 'composed' with homomorphisms of RA into some ring Λ, and also characters RA → K, to obtain further homomorphisms RG → (Λ) m , and characters KG → K.
Let R = C, and let ψ 1 = 1, ψ 2 , . . . , ψ n be the irreducible complex characters of A. The characters χ 1 , . . . , χ n of G one obtains in this way are just the induced characters,
. . , a n be representatives of the conjugacy classes of A, and let Z be the character table of A, with (i, j) entry ψ i (a j ). Then (7.2) yields ⎛ ⎜ ⎝ χ 1 (u) . . .
3)
It may happen that some information about the values χ i (u) is available from which one would like to obtain information about the partial augmentations of u. For this purpose one obviously should multiply (7. 3) by the inverse of Z. LetZ be the complex conjugate of Z, and Z * =Z T be the Hermitian transpose. Then
(see [3, (9. 26)]), and it follows that
What kind of information may we have about the χ i (u)? Of course, we are thinking of u as a torsion unit, when it should be appreciated that the χ i (u) are sums of roots of unity. Equation (7.3) itself may provide information. Proof . Let B be a non-trivial normal subgroup of G contained in A, and setḠ = G/B. If B lies in the kernel of some irreducible character ψ i of A, then ψ i is inflated from an irreducible character ϕ ofĀ, and χ i is inflated from ϕ↑Ḡ. Thus, we have to show that ϕ↑Ḡ (ū) = 0 for the imageū of u in ZḠ. Since (ZC1) holds forḠ andū does not map to the identity in ZḠ/Ā, we have εā(ū) = 0 for all a ∈ A. Therefore, the claim follows from (7.3) applied to the groupḠ, its normal subgroupĀ and the elementū.
We merely note down that (7.4) is compatible with any group action on A, in the following sense. 
Perhaps this can be helpful to obtain relations between the ε a σ i (u), σ ∈ G, when u is a torsion unit in ZG.
In the special case when A is cyclic, we can prove, with the help of (7.4), the following theorem. (ii) every torsion unit in V(ZG) which maps to the identity in ZG/A is rationally conjugate to an element of G.
Then for each torsion unit u in V(ZG) which does not map to the identity in ZG/A, all partial augmentations ε a (u), a ∈ A, are zero.
Proof . We keep previously introduced notation. Let ζ be a primitive nth root of unity (now n = |A|), and set G = Gal(Q(ζ)/Q). For σ ∈ G, we have ζ
The action of G on the irreducible characters of A-according to Remark 7.2-is described by ψ
Let u be a torsion unit in V(ZG) which does not map to the identity in ZG/A. The essential observation will be that the entries of (χ 1 (u), . . . , χ n (u))Z have a simple description in terms of the Galois action. Fix a faithful irreducible character ψ of A and set χ = ψ↑ G . The Galois conjugates of ψ are all distinct and give the faithful irreducibles. It follows from Remark 7.1 that, for a ∈ A,
Thus, (7.4) means that
We shall use induction on the number of prime factors on the order of u. Thus, to start the induction, u will be of prime order, but we will treat this case simultaneously with the general induction step. Suppose by way of contradiction that ε a (u) = 0 for some a ∈ A. We shall show that ε a (u) 0. Since the image of u in ZG/A has vanishing 1-coefficient (see [16, (1.5 )]), this will prove the theorem.
Set ξ = ψ(a). Let e denote the order of u, and let θ be a primitive eth root of unity. Since the order of a divides e (see Remark 2.4), we have ξ ∈ Q(θ).
Let χ be afforded by a representation D, and write µ(ξ, u, χ) for the multiplicity of the eth root of unity ξ as an eigenvalue of D(u). Then (see Remark 2.5)
We shall use 
Note that (7.5) also holds with u replaced by u d (and a replaced by a d ), so the inductive step shows that Tr
, now slightly modified, reads
where ϕ denotes Euler's phi function. Furthermore,
We will show that 1 f
where equality can hold only when f = 2 and |A| is odd. Thus, in the end, only this case will be left to consider since strict inequality implies by (7.7) and (7.9) that the rational integer ε a (u) is non-negative. Write f = f 1 f 2 such that the prime divisors of f 1 divide |A| and (f 2 , |A|) = 1. Note that equality can only hold if f 2 2. Set Q = C G (a f )/ C G (a). We proceed to show that |Q| f 1 (a general fact) and that |Q| < f 1 if f 1 = 1. Together with the last inequality, this establishes (7.11): Finally, we consider the case when f = 2 and |A| is odd. It follows from (7.7), (7.9) and (7.11) that either ε a (u) 0 or ε a (u) = −1, and in the latter case the supplements (7.8) and (7.10) provide us with µ(−ξ σi , u, χ) = µ(ξ 2 , u 2 , χ) = | C G (a 2 )|/|A| for i = 1, 2, . . . , r = |G : C G (a 2 )|. Now, suppose that ε a (u) = −1. Since the (ξ 2 ) σi are the distinct eigenvalues of D(u 2 ) and χ(1) = |G : A|, it follows that the −ξ σi are the distinct eigenvalues of D(u). Thus, D(u e/2 ) is the negative of the identity matrix. Since u e/2 has order 2, A is of odd order and (ZC1) holds for G/A, we know that u e/2 is rationally conjugate to an element z of G (see [5, Theorem 2.2] ). It follows that D(u e/2 ) = D(z), and z ∈ Z(G), since D is a faithful representation of G. Thus, z is the 2-part of u, and z −1 u is a torsion unit in V(ZG) which maps to the identity in ZG/A. By assumption (ii), the partial augmentations of z −1 u are non-negative, in contradiction to ε z −1 a (z −1 u) = ε a (u) = −1. The proof of the theorem is complete.
Let χ be an irreducible complex character of A. We have a commutative diagram of ring homomorphisms:
showing that u maps under ϕ = id ⊗χ to a unit uϕ of augmentation 1 in Z[ζ]G. By assumption, ε g (uϕ) = 1 for the elements g of a unique conjugacy class of G, and the other partial augmentations of uϕ vanish. Note that ε g (uϕ) = a∈A χ(a)ε ga (u) for all g ∈ G.
Let a 1 = 1, a 2 , . . . , a n be the elements of A, and let χ 1 = id, χ 2 , . . . , χ n be the irreducible complex characters of A. Let Z be the character table of A, with (i, j) entry χ i (a j ), and Z * its Hermitian transpose, so that Z * Z = |A|I n where I n is the n × n identity matrix. Set ϕ i = id ⊗χ i :
Take any g ∈ G, and set x = (ε ga1 (u), . . . , ε gan (u)), y = (ε g (uϕ 1 ), . . . , ε g (uϕ n )).
Then y is a vector with 0/1 entries, and y T = Zx T . From this we obtain |A|x T = Z * y T , where the entries of the vector on the left-hand side lie in |A|Z, and those on the righthand side are sums of roots of unity taken from a column of Z. It follows that either x = 0 or y = (1, 1, . . . , 1) and, in the latter case, x = (1, 0, . . . , 0). Thus, all partial augmentations of u are either 0 or 1 and, since they add up to 1, we are done.
